We propose a two-spin quantum-mechanical model with applied magnetic fields acting on the Poincaré-Bloch sphere, to reveal a new class of topological energy bands with Chern number onehalf for each spin-1/2. The mechanism behind this fractional topology is a two-spin product state at the north pole and a maximally entangled state close to the south pole. The fractional Chern number of each spin can be measured through the magnetizations at the poles. We study a precise protocol where the spin dynamics in time reflects the Landau-Zener physics associated with energy band crossing effects. We show a correspondence between the two-spin system and topological bilayer models on a honeycomb lattice. These models describe semimetals with a nodal ring surrounding the region of entanglement.
I. INTRODUCTION
The rising interest in topology in recent years has coincided with advancing quantum science and technology. These fortunate circumstances allow for the direct measurement of the Chern number -the invariant that demarcates distinct topological phases -from the expectation value of a spin-1/2 or qubit upon sweeping a magnetic field. In particular, if the magnetic field vector acts radially on a sphere with polar angle θ, and azimuthal angle φ, then upon adiabatically sweeping from the north to south pole, the Chern number of a two-state system represented by a vector of Pauli matrices σ may be measured via [1] [2] [3] 
Here F φθ is the Berry curvature:
and A is the Berry connection, defined from the gradient of the ground state |ψ according to [4] A α = i ψ|∂ α |ψ .
The Chern number C is equal to 0 or 1 and is associated with a topological charge -the degeneracy point of the Hamiltonian -contained within the sphere spanned by the magnetic field vector. The qubit orientation measures this topological charge. Recent experiments have studied two spin-1/2s, σ 1 , σ 2 , under the influence of the radial fields H 1 and H 2 whose parameter manifold consists of two spheres [5] . The two spins interact through a * electronic address: joel.hutchinson@polytechnique.edu † electronic address: karyn.le-hur@polytechnique.edu transverse coupling (σ x 1 σ x 2 + σ y 1 σ y 2 ). Their resulting topological phase diagram consists of integer C = 0, 1 and 2 phases, corresponding to topological charges located outside both spheres, inside one sphere, and inside both spheres respectively. Since the spin expectation value may be measured for each spin independently, this suggests that the Chern number may also have a well-defined component corresponding to each subsystem. First, we provide a generalization of Eq. (4) to the Berry connection for subsystem j, whose corresponding Chern number C j provides a robust topological number and also serves as a measure of entanglement. This will allow us to justify that phases with fractional Chern number are allowed as a result of quantum entanglement between the spins. To realize a one-half Chern number, we build a two-spin model on the Poincaré-Bloch sphere [6] . We show the relation with bilayer lattice models which exhibit a strongly entangled region in the energy band structure. Our systems show features of a topological Haldane model [7] and of a resonating valence bond state [8, 9] , and represent a new way to realize the fractional topology of the quantum Hall effect [10, 11] .
We begin with the Berry connection for the jth spin:
along with the jth Berry curvature F j φθ = ∂ j φ A j θ − ∂ j θ A j φ , and Chern number
Note that the operator ∂ j α acts on the Hilbert space of the jth spin. This operation is well-defined provided we can decompose the ground state as |ψ =
In fact, the model we consider affords the more relaxed condition |ψ = kl c kl (θ)|Φ k (φ) 1 A j θ is not uniquely defined, but C j still is since
so that ∂ j φ A j θ = 0 and will not contribute to the integral over the Berry curvature. To be more precise, we consider a model of two qubits σ 1 and σ 2 with an Ising coupling:
Each magnetic field sweeps out a closed manifold parameterized by (θ, φ) and may be distorted along theẑ direction with the addition of constant field M i according to [1] : H i = (H sin θ cos φ, H sin θ sin φ, H cos θ+M i ), for i = 1, 2. We also consider a generic θ-dependent coupling rf (θ) withrf (θ) > 0. The ± denote two distinct classes of models. The subsystem Chern number C j can be determined for this model. While the eigenstates of (9) are in general quite complicated, their φ-dependence is very simple, such that the ground state takes the desired form
with k, l = ±. In the standard representation of a single spin eigenstate in a radial magnetic field, the ground state is | ↑ at the north pole, and e iφ | ↓ at the south pole. We will take these states to form our single-spin basis:
It is important to note that while there are many ways to represent the single-spin states |Φ − (φ) and |Φ + (φ) , their relative phase e iφ is fixed by the form of the Hamiltonian. The Berry connection is then expressed in terms of the coefficients c kl (θ)
Note that product states such as | ↑ 1 | ↑ 2 or | ↓ 1 | ↓ 2 will contribute 0 or 1 to the Berry connection, while an entangled state such as 1 √ 2 (| ↑ 1 | ↓ 2 + | ↓ 1 | ↑ 2 ) will contribute 1/2. The Chern number for the jth spin is then
So that we have the general result
This leads to an intriguing case. Suppose we prepare a system whose ground state evolves from a product state at the θ = 0 to an entangled state at the θ = π: Then the non-zero coefficients are |c ++ (0)| 2 = 1, |c +− (π)| 2 = |c −+ (π)| 2 = 1 2 , for which
The presence of entanglement at one pole leads to a fractional Chern number for each spin. Eq. (15) also leads to the generalization of Eq. (2), since from the normalization we have,
so that
In the case where the two spins would form a product state at both poles that follows the magnetic field, then from c ++ (0) = 1 and c −− (π) = 1, we verify C j = 1. In the case where the two spins would be entangled at both poles then we would obtain instead C j = 0, reflecting that in the presence of maximal entanglement each spin is in a coherent superposition of up and down states with opposite contributions to the Chern number. A topological charge equal to zero for the entangled state in Eq. (16) can be equivalently obtained through a path integral integral approach [12] where the Wess-Zumino term of each spin would cancel each other whenr → +∞ along the one-dimensional path with fixed φ, i.e. σ 1 = −σ 2 . The topological phase diagram for our model is entirely determined by the energetics at the poles. For clarity, we present just the H + sector for now. At the poles, the Hamiltonian is diagonal in the σ z basis, and we have at θ = 0,
while at θ = π,
The transitions between the ground states at each pole yield four distinct topological phases:
shown in Fig. 1 .
Allowing for a non-constant interaction f (θ) does not change this phase diagram significantly, though it does open up the intriguing possibility of a direct transition from
Along the line of exchange symmetry, M 1 = M 2 ≡ M , the ground state at θ = 0, is | ↑ 1 | ↑ 2 provided that rf (0) < H + M . At θ = π, the ground state is | ↓ 1 | ↓ 2 forrf (π) < H − M , but it is degenerate between the anti-aligned configurations forrf (π) > H − M . In that case, the presence of the transverse fields in the Hamiltonian along the path over the sphere will then produce resonating valence bonds. Indeed in Sec. III, we will see that the singlet state is decoupled from the rest, while the triplet state 1
is the one adiabatically connected to the θ = 0 ground state. As a result, we obtain half-integer Chern numbers (17) . For the simple constant interaction f (θ) = 1, this occurs within the range
indicated by the gold line in in Fig. 1 . This line can be considered as a critical point between two distinct topological phases of a given spin. We find that the H − sector also contains a line of fractional Chern numbers with C 1 = −C 2 = 1 2 . There is another geometric picture we can use to understand the topological nature of these numbers. For a spin-1/2 system, the Chern number counts the number of degeneracy monopoles associated to the topological charges contained within the closed manifold spanned by the magnetic field, in accordance with Gauss' law [13] . We can adapt this picture to the case of interacting spins, where the effective magnetic field for each spin depends on the orientation of the other. In a mean-field sense, this would amount to H eff 1 = −H 1 +rf (θ) σ 2 z ẑ withẑ a unit vector along the z axis. Each of the two manifolds spanned by H eff 1 , H eff 2 may or may not contain the degeneracy monopole as illustrated in Fig. 2 a) , resulting in the different possibilities of C i = 0, ±1. Thus, C i counts the topological charge of the effective model describing the subsystem, and is indeed robust against local perturbations of the effective field. The mean field picture breaks down precisely for the entangled case. There, the manifold spanned by the effective magnetic field on each qubit consists of a coherent superposition of two geometries: the one one that contains the monopole and the one that does not, represented schematically in Fig. 2 b) . Now, we show that this spin-1/2 model can also find applications in topological lattice models. It is well known that the Haldane model [7]-a two-dimensional Chern insulator which has been realized in quantum materials [14] , graphene [15] , cold atoms [16, 17] and light systems [18] [19] [20] [21] [22] -has a natural pseudspin-1/2 representation due to the A and B sublattices of the honeycomb lattice where the Brillouin zone torus can be mapped onto the parameter space discussed above. It follows that a stack of two Haldane layers may be represented by a twoqubit model [23] .
II. LATTICE MODEL
We consider a lattice realization of (9) consisting of two AA-stacked graphene lattices which can be realized in cold atom optical lattices, and show how to find a fractional magnetization representing C j related to nodal ring semimetals. Here, θ = 0 and θ = π map onto the K and K points the first Brillouin zone respectively. The spin degrees of freedom now describe the momentumspace sublattice magnetization for each layer j:
The values M j from the previous section now describe inversion-symmetry breaking Semenoff masses, which may be tuned for each layer [24] . Topology is introduced by threading a flux Φ per unit cell in each layer in accordance with the Haldane model. If the two layers have equal fluxes, the model corresponds to the H + sector, while if they have opposite fluxes, it describes the H − sector. Here we will focus on the equal flux case. The mapping (33) suggests that we need an unusual interaction -one that is local in k-space -to produce the equivalent of the Ising interaction. Such interactions have been studied in relation to topological Mott insulators [25] . In fact, we can achieve the same result with an interlayer coupling r between neighbouring sites. All of this motivates the following lattice model in momentum-space:
where
and
is represented in terms of the Pauli matrices σ, the 2 × 2 identity matrix I, and the k-dependent vectors d is defined in accordance with the Haldane model in each layer (see App. A and Eqs. (A9)-(A12)). The indices i = 1, 2 indicate the layer. We will use φ = π/2 throughout this paper. The eigenvalues of this matrix are readily found at the K and K points:
The eigenvectors corresponding to these bands are
We may obtain the energies at the K point through the transformation |d z | with −|d z | in Eq. (36) . There are gap closing points at K and K which are given, respectively, by the values of r
For the case of asymmetric Semenoff masses M 1 = M 2 , the gap closes and reopens at r − c . Upon computing the Berry curvature numerically [26] , we show in Fig. 3 , the phase diagram for the total Chern number C at half filling, in agreement with previous established results [23] . A topological transition takes place where the Chern number of the second band changes from 1 to 0. When the gap closes and reopens at K this number goes to −1. The Chern number of the first band remains 1 throughout.
The similarity between Fig. 1 and Fig. 3 suggests that there indeed exists a faithful mapping between the lattice model and the qubit model, which has been shown to be certainly valid close to the transition between the phases C = 2 and C = 1 (starting from the C = 1) [23] . Now, we study the (gold) line M 1 = M 2 where the system shows a Z 2 symmetry, corresponding to exchanging the layers, which is at the origin of the fractional Chern number.
This situation describes a special class, where timereversal and inversion symmetry are broken by the flux and mass terms, while a Z 2 symmetry is preserved. The result is a nodal ring semimetal where the second and third bands cross as shown in Fig. 4 a) . The time-reversal invariant version of this case is discussed in Ref. [27] . The eigenstates (37) at the poles take the simple form
we see that at r = r + c , there is a transition in the ground state at K from c † B1 c † B2 |0 to |ψ g . Meanwhile at K , there is a transition at r = r − c from c † A1 c † A2 |0 to |ψ g . Below, r − c , the Semenoff masses favor the state c † A1 c † A2 |0 . Thus, by computing the expectation value of the magnetization (33) at the K and K points in the layer basis, we obtain the lattice version of C j (Eq. (19) )
where j = 1, 2 refers to the layer basis. The magnetization for a single layer is shown over the unit cell of the reciprocal lattice in Fig. 4 b) . Generically, we may represent the ground state at half-filling in terms of the occupancy of each layer (comprising two sub-lattices with a given ket |ij ):
from which we get the reduced density matrix ρ 1 by tracing out one layer:
where the 2 × 2 block ρ red 1 describes the space of states where each layer is half-filled:
(50) From this the entanglement entropy:
is computed numerically and shown for the case of symmetric masses in Fig. 4 c) . For r < r − c , the entanglement entropy is identically zero. Above r − c , the wavefunction becomes uniformly maximally entangled in the band crossing region. Here, the entanglement entropy goes to the maximal value ln 4. The halved Chern number we compute then means that one Dirac point is characterized by curved arcs forming a nodal ring enclosing the entangled region. Since the two Dirac points map to the two poles on the spheres, this emphasizes the correspondence between the two-spin and the lattice model. Regarding the bulk-edge correspondence, the lowest (blue) band in Fig. 4 produces a chiral edge mode as in the quantum Hall effect [28] [29] [30] and in the Haldane model [7] . The interpretation of the fractional one-half Chern number in the presence of the second band for M 1 = M 2 needs to be further studied in the layer basis, in relation with the classification table [13] including Z 2 helical edge states [31, 32] , Ising or Majorana fermion models [33, 34] , and ladder models [35] [36] [37] [38] .
Here, it is important to mention a distinction between the two spin-1/2 and the lattice model, when we move from the critical point M 1 = M 2 . In the lattice model, the layer magnetization numberC j varies smoothly across the transition, in contrast to the sharp change in C j that occurred in the spin model. The smoothing of this transition may be due to the additional states available at half-filling where one layer is empty. These states reduce the magnitude of the magnetization near the K point. In fact, such smoothing would also be seen in any time-dependent protocol to measure the qubit Chern number C j . This too is due to the presence of additional states that affect the spin dynamics in the non-adiabatic regime. In the next section we return to the two-qubit model to study these effects.
III. PROTOCOL IN TIME
One experimental protocol for measuring C j in a twoqubit system is to perform a linear sweep, θ = vt, t ∈ [0, π/v] for some velocity v, of the magnetic field along the meridian φ = 0 [5] , measuring σ j z at the endpoints of the path, i.e. at the north and south poles. Any finite velocity will lead to non-adiabatic transitions via the Landau-Zener mechanism [39, 40] , which describes a time-dependent two-state model of the form
with the time-dependent state
The above amplitudes were derived in Ref. [39] for the asymptotic case t → ∞. Here we are actually interested in the values at t = 0, which are derived in App. B.
Defining z ≡ 2λ e −iπ/4 t, the result is
where D ν (z) are the parabolic cylinder functions, and γ ≡ ∆ 2 λ is the appropriate measure of adiabaticity (in natural units). Even though the two-qubit model (9) is a four-state system, we now show that the dynamics of this model are well captured by Eqs. (54), (55). We consider the case of symmetric masses M 1 = M 2 = M < H. For simplicity, here it suffices to treat just the H + sector.
First, we write H + in the singlet-triplet basis with s = σ 1 + σ 2 . In this basis, we have
Here |0, 0 refers to the singlet state and 
represented in the triplet basis
The singlet component is completely decoupled from the equations of motion, provided we initialize the spins in the ground state at the north pole, which is the triplet state |1, 1 forr < (H + M )/f (0) (the ground state is |1, 0 otherwise). The total Chern number is encoded in the s z expectation value according to
(60)
To simplify the dynamics further we assume that any transitions to excited states occur near θ = π. This assumption is justified because for a broad class of interactions, the gap at θ = 0 is much larger than at θ = π. Near θ = π the |1, 1 state always has the highest energy, so we may project it out and write an effective two-state model to match the Landau-Zener model. The resulting effective two-state Hamiltonian is
where the basis for the Pauli matrices is now |1, 0 = (1, 0) T , |1, −1 = (0, 1) T . We see that the entangled state |1, 0 is indeed the unique ground state at θ = π for r sufficiently large. More precisely, the window in which the ground state evolves from |1, 1 at the north pole to |1, 0 at the south pole, and therefore has C j = 1/2, is given by
We see that this phase is more easily stabilized by an interaction that grows with θ.
Returning to the dynamics of (61), we expand near θ = π, such that t → t − π/v, and rotate the Pauli matrices about the y-axis to get In the rotated basis, we have
We approximate here f (θ) = f (π) close to the south pole, but relaxing this condition does not affect the result noticeably, as shown in Fig. 6 b) . The effective Hamiltonian takes the Landau-Zener form in Eq. (52), with
and adiabaticity parameter γ = ∆ 2 /λ. Thus the amplitude for measuring the |1, −1 state is 1 √ 2 (A(t) − B(t)), while the amplitude for measuring the entangled state is 1 √ 2 (A(t) + B(t)). The former results in C j = 1, upon sweeping to the south pole (now at t = 0) while the latter gives C j = 1/2. The value of C j is then
Re(A(0)B * (0)).
The product A(0)B(0) * is evaluated in App. B (Eq. (B31) ), which yields
Re e i3π/4 e −γπ/4 sgn(∆) √ γ
in terms of the gamma function Γ(z). We can check the adiabatic limit of this formula, v → 0 (γ → ∞). To do so we make use of the following asymptotic expansions for |z| → ∞:
to get
which gives 1 forr < (H − M )/f (π) and 1/2 forr > (H −M )/f (π) as expected. We also compute numerically the time evolution of the interacting spins in this protocol (Fig. 5 ). Our analytic result for C j is then compared with the corresponding numerical value in Fig. 6 . We see that this formula accurately captures the transition in C j for small sweep velocities. At higher velocities, deviations occur due to the presence of higher excited states. We also find, by checking many examples, that the shape of the transition is independent of the particular form of time-dependant interaction f (θ), which for small sweep velocities only shifts the transition point.
IV. CONCLUSION
We have shown how quantum entanglement can affect the Berry curvature of a spin-1/2 and produces a Chern number of one-half when considering the subsystem of a single spin. We have provided a geometrical and physical interpretation of this result. In addition, we have proposed a measurement through the spin magnetizations at the poles on the Bloch sphere in real time and studied the effect of increasing the speed of the protocol in relation with Landau-Zener interferometry. These predictions can be measured with actual developments on quantum technology and light-matter coupling [5] . We have also formulated a correspondence with topological lattice models respecting Z 2 (layer) symmetry, which form nodal ring semimetals. In the spin model, non-adiabaticity leads to smoothing of the Chern number transition. In lattice models, even at equilibrium, several analogous phenomena play the same role, such as the presence of states where each layer is not half-filled, or the addition of excited states through finite temperature. These effects would be interesting to investigate further. Additional questions in the lattice models include the interpretation of the fractional Chern number for edge transport, and the precise relation with the spin model along the gold line of Fig. 3 close to the second quantum phase transition. For the bilayer model we use the following definitions. We set the lattice spacing to a = 1. The Bravais lattice consists of A and B sites with primitive vectors
nearest-neighbour vectors
and next-nearest-neighbour vectors
as shown in Fig. 7 .
The reciprocal lattice has a primitive cell defined by
The diamond formed by v 1 , v 2 is used to plot Fig. 4 b) and c). Some important points in the Brillouin zone are
as shown in Fig. 8 . For a single layer, we start with the tight-binding Hamiltonian for graphene with nearest-neighbour hop- ping t 1 and Semenoff mass M i , which is given by
(A6)
To construct the Haldane model, we add next-nearestneighbour hopping t 2 with flux φ oriented as in Fig. 9 , via the term
Fourier transforming H 1 + H 2 gives the single-layer Hamiltonian
At the Dirac points K, K , we have
Appendix B: Landau-Zener derivation
In this paper we are interested in transition amplitudes of a two-state system at finite times, since the linear sweep protocol on a sphere takes place over a finite time.
To that end, it is worth deriving the full time-dependent amplitudes for different states of the Hamiltonian
using Zener's derivation [39] as a guide. The instantaneous eigenenergies and eigenstates of this system are:
It is important to note that these eigenstates change character as t goes from −∞ to +∞. Since E → ±λt as t → ±∞, we have
In other words, if the evolution is adiabatic (i.e. we track the ground state as t increases), then the spin will necessarily flip. The Landau-Zener result says that if the evolution is not completely adiabatic (in a sense we will soon make precise), then there is a significant probability of ending up in the excited state where the spin has not flipped. Also note that exactly at t = 0, the eigenstates are equal combinations of up and down:
We wish to solve the time-dependent Schrödinger equation. We represent the quantum state as
so that we have two coupled differential equationṡ
Differentiating the second equation gives
Substituting Eqs. (B8) and (B9) into this gives
We can put this differential equation in the form of the Weber equation [41, Eq. 12.2.2] by using the dimensionless quantity
which has the linearly independent solutions
Here we have defined ν ≡ i ∆ 2 2λ , and D ν (z) are the parabolic cylinder functions. From Eq. (B9), we also get the solution for A:
The initial condition ensures that the spin begins in the ground state at t = −∞, which means that B(t = −∞) = 0 according to Eq. (B4). The second initial condition (|A(t = −∞)| 2 = 1) will not be used just yet.
One has to be careful with the asymptotics of the parabolic cylinder functions, since they have different behaviours depending the direction in which their argument goes to infinity. For t → −∞, Eq. (B12) shows that arg(z) = 3π/4 and arg(−iz) = π/4. One can check that the first term in Eq. (B14) diverges along the former axis, while the second term decays along the later. Thus c 1 = 0. We then have Instead of solving for c 2 using the other initial condition, it is easier to use the probability normalization at time t = 0:
where the parabolic cylinder functions take the analytic form D n (0) = 2 n/2 √ π Γ( 1−n 2 )
.
(B21)
We employ the following identities to simplify the gamma functions:
Noting that ν is purely imaginary and Γ * (z) = Γ(z * ), these identities allow us to write |D −ν (0)| 2 = cos(πν/2), (B24)
It is also useful to define the parameter
in terms of which the coefficient becomes (B31) Using the asymptotic expansions for the parabolic cylinder function, one can show that the probability of a non-adiabatic transition (i.e., spin up at t = ∞) is e −πγ . This is the Landau-Zener result, and shows that γ is the appropriate adiabaticity parameter. For γ 1, the system remains in the ground state, while for γ 1 the system transitions to the excited state. For our purposes however, we are interested in the case t = 0 for which we make use of Eqs. (B31) in Sec. III. Fig. 10 shows the timedependence of the transition for small γ. It is important to note that changes to the distribution of probability only begin very close to t = 0.
